In this paper, Riemann's Zeta function with odd positive integer argument is represented as an infinite summation of integer powers of π with rational coefficients. Specific values for Apery's Constant and Catalan's Constant are then derived.
Introduction
It is well known that Riemann's Zeta function with even positive integer argument is given by
where B 2n is a Bernoulli number. No such simple expression is known for odd positive integer argument. In this section, Riemann's Zeta function with odd positive integer argument is represented as an infinite summation of integer powers of π with rational coefficients.
It is well known from the theory of divergent series [1] that in the interval |θ| < π, sin(θ) − sin(2θ) + sin(3θ) − sin(4θ) + ... = (1/2) tan(θ/2)
The Right Hand Side of this equation can be expanded using Maclaurin's series [2] as follows:
(1/2) tan(θ/2) = (1/2)
where the coefficients c n are given in terms of Bernoulli numbers B 2n as c n = B 2n (2 2n − 1)2 2n (−1) n+1 !(2n)
.
Step 1
Integrating Eq.2 over [0, θ] in Step 1 [Integrating over [0, φ] and substituting
in Eq.4, we get,
where
we have
Step 4 Integrating Eq.13 over [0, θ] in Step 4,
Putting θ = π 2 , we get,
where E n (4) =
Step 5
Integrating Eq.14 over [0, θ] in Step 5,
, we get,
In general, we can derive the following results Eq.20 to Eq.23 using the principle of mathematical induction as shown in Section 2. In Section 3, it is
shown that the series expansion of A 2k and A 2k+1 converges. For k = 1, 2, 3, ...
Thus we see that A 2k and A 2k+1 can be expressed as an infinite summation of integer powers of π with rational coefficients E n (2k) and E n (2k + 1).
And, we have
Using the above results, we can deduce specific values of Apery's constant ζ(3) and Catalan's constant K as follows:
Section 2
Let us assume that A 2k , A 2k+1 , E n (2k), E n (2k + 1) are given by Eq. 20 -Eq.23. for some k and that Eq.14 and Eq.17 can be generalized as fol-
We will prove that above equations hold true for k=k+1(Inductive result).
Integrating above equation 28 once from [0, θ], we get S 3 (k) = [ Similarly, Integrating S 3 (k) once from [0, θ], we get 
Putting k = k + 1 in Eq. 28, we have
We can see that S 4 (k) = S 2 (k + 1), thus proving the inductive hypothesis for k=k+1.
Substituting θ = π/2 in above equations 27 and 28, we get
. These show that A 2k and A 2k+1 can be expressed as linear combination of powers of π/2. Let us assume the following inductive hypothesis for some k:
We will prove that this hypothesis holds for k=k+1. Putting k=k+1 in Eq.36,
This can be written as follows:
Using Eq. 37 to replace A 2r+1 in above equation, interchanging order of summation and taking out common factor ( π 2 ) 2n+2k+2 , we get
Thus we have proved the inductive result for k=k+1. Eq. 37 and Eq. 38 imply above results.
Similarly, A 2k in Eq.35 can be extended to A 2k+2 by replacing k with k+1:
Let us assume the following inductive hypothesis for A 2k and E n (2k) some k:
Using Eq. 37 to replace A 2r+1 in above equation 43, interchanging order of summation and taking out common factor ( π 2 ) 2n+2k+1 , we get
Thus we have proved the inductive result for k=k+1. Eq. 44 and Eq. 45
imply above results.
Section 3
In this section, it will be shown that the series expansion of A 2k and A 2k+1
in Eq. 20 and Eq. 21 converges.
We know that D n (k) = cn 2 2n−1 (2n+k−1)P k , which can be rewritten as follows:
We will write E n (2k) and E n (2k + 1) in Eq. 22 and Eq.23 in terms of D n (1) as follows:
where F n (2) = 1 − 1 2(2n+1) and lim n→∞ F n (2) = K(2) where K(2) is a constant.
and lim n→∞ F n (3) = K(3) where K(3) is a constant.
where F n (4) = −
Similarly it can be shown that lim n→∞ | E n+1 (2k + 1) E n (2k + 1) | < 1
Hence the the series expansion of A 2k and A 2k+1 in Eq. 20 and Eq. 21
converges.
Conclusion
It 
